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Sufficient conditions are obtained which guarantee that all solutions (or all boun- 
ded solutions) of a class of second order nonlinear difference equations are non- 
oscillatory. Oscillation criteria and theorems concerning the growth of solutions are 
also given. ID 1985 Academic Press, Inc 
1. INTRODUCTION 
In this paper we are concerned with the second order nonlinear dif- 
ference equation 
A(r, Au,) + d-(n, 4,4J = gh &I, A%), n E A’-‘, (1) 
where X= { 1, 2,...}, A is the forward difference operator, i.e., Au, = 
24 n+l - u,, {r,}, (a,} are the real sequences andf, g: M x W2 -+ W (W is the 
real line). We denote the set {n,, n, + l,... }, where n, E N, by ./l’(n,). In 
addition we always assume that 
(i) T,, >O for all n E ,4-(n,), R,,, + CC as n + a5, where R,,, = 
C;: ,’ l/r, for any s E J’(nO) and all IZ E ,,l/‘(s + 1). 
Throughout the paper the term “solution” of (1) is always used for such 
real sequence {u,,} which satisfies (1) for all n E ,,V(no) and for which 
sup{ Iu,I: n > s} > 0 for any s E ,A/‘(n,). We make the standing hypothesis 
that Eq. (1) does possess such solutions. A solution of (1) is called non- 
osciflatory if it is eventually nonnegative or nonpositive. Otherwise it is 
called oscillatory. 
Recently some results concerning the oscillatory and asymptotic 
behaviour of solutions of nonlinear difference equations of second order 
have been established in [9] (see also references therein). 
The purpose of this paper is to present theorems that give sufficient con- 
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ditions for all solutions or all bounded solutions of (1) to be non- 
oscillatory. Also, we obtain results on the growth and oscillatory behaviour 
of solutions of a variant of Eq. (1). The obtained results are discrete 
analogues of some known theorems for nonlinear differential equations due 
to Graef [3], Graef and Spikes [S, 61, Graef et al. [4], Chen [l] and 
Kartsatos and Manougian [S]. For linear difference equations of second 
order related papers are [7] and the references contained in [7]. 
We make use of the following conditions (the inequalities which appear 
below hold on N(n,) x 9’): 
(cl) a, > 0 for all n E N(n,). 
(c2) there exists a constant M, such that f(n, U, u) 2 M,, 
(c~) there exists a constant M2 such that f(n, U, v) <AI,, 
(c,) there exists a constant M > 0 such that I f(n, U, v)l < M, 
(c5) there exists a real sequence {6n} such that g(n, U, II) > S,,, 
(c,) there exists a real sequence (6,) such that g(n, u, v) <b,, 
(c,) there exists a nonnegative real sequence {B,} such that 
I&, u, u)l G B,,, 
(cs) f(n, U, u) is bounded from above if u is bounded, 
(c,) f(n, U, II) is bounded from below if u is bounded, 
(Cl,) m, 4 0) 2 0, 
(C,‘) en. 4 u) d 0, 
(c,,) there are real sequences {p,} and {p,} such that p, < 
fh u, 0) d P,, 
(c,,) there exist a nonnegative real sequence {P,,) such that 
Ifh u, u)l < p, 14. 
Everywhere we mean that C; = s elk = 0, if n < s. 
2. NONOSCILLATION RESULTS 
THEOREM 1. Suppose that conditions (c,), (I+) and (c5) hold and for 
every C > 0 
n-l 
liminf 1 “f’ (6,-M,a,)-CR,,, 1 > 0. (2) n-m k=no ‘k ,=no 
Then all solution of (1) are eventually positive. 
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Proof Let {un} b e a solution of ( 1). Applying conditions (c , ), ( c3 ) and 
(c,) we obtain 
A(r, Au,)3&,--M,a, for all n E -$“(nO). 
Successive summations yield 
Since (i) holds there exist C > 0 and n, E: -k‘(q,) such that 
n-1 1 
-CR,,, 6 uno + rno b. c - < CR,,, for n>,n,. (3) 
k = m,  rk 
Hence in view of (2) we have 
n-1 
lim inf u, > lim inf 1 I ‘f’ (6, - Mza,) - CR,,, > 0, 
n+z.z n-m k=n,, ‘k ,=q, 1 
thus {u,} is eventually positive. 
Remark 1. If we replace (2) in Theorem 1 by the stronger condition 
f(b,-M,a,)=c0. (4) 
then every solution (u,} of (1) satisfies 
lim U, = cc monotonically. 
n * 1 
Indeed, then from (1) we obtain 
n-l 
r,Au,>r,,Au,,+ 1 (6k-Mzak)+a as n+crj. 
k = no 
So there exists n, E d+*(n,,) such that Au, > l/r, for n 2 n,, from which, by 
(i), the conclusion follows. 
THEOREM 2. If conditions (c,), (c,), and (c6) hold andfor every C>O 
n-l 
limsup C Lkf’ (b,-M,a,)+CR,,, CO, 
n - a, k=n,, ‘k ~=n” 1 (5) 
then all solutions of (1) are eventually negative. 
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Proof: Now for any solution {u,} of (1) we obtain 
d(r, 4) 6 b, - M1a, for all n E .,V(n,), 
and the remainder of the proof analogously follows that of Theorem 1. 
Remark 2. If in Theorem 2 we replace (5) by the condition 
j&h,-M,a.)= -co, 
then every solution {u, > of (1) satisfies 
lim 2.4, = -co monotonically. 
n-m 
In fact, it follows from a procedure quite similar to that of Remark 1. 
THEOREM 3. Suppose that conditions (c,), (c5) and (c8) hold and for 
every C,, C2 > 0 
n-1 
lim inf c 1 ‘i’ (6, - C, a,) - C, R,,, > 0. 
n-cc k=n,, ‘k r=ng 1 
Then all bounded solutions of (1) are eventually positive. 
ProoJ: The proof of this theorem is similar to the proof of Theorem 1 
once we note that if {u,> is a bounded solution of (1) then there exists 
C, > 0 such that f(n, u,, Au,) < C,. 
Similarly as above we have 
THEOREM 4. If conditions (c, ), (c,) and (c,) hold and for every Cl, 
c,>o 
[ 
n-1 
lim sup c -! ‘f’ (b, + C, a,) + C2 R,,, 1 < 0, n-cc k=no ‘k r=no 
then all bounded solutions of (1) are eventually negative. 
In the next theorems we remove the requirement that {a,} be non- 
negative. In exchange we will need to place a stronger condition on 
function $ The proofs of the following theorems are similar to the proofs of 
the ones above and will be omitted. 
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THEOREM 1'. Suppose that conditions (cq) and (c,) hold and for every 
c>o 
n-1 
liminf 
n-cc 
C $ ‘zl (6,-M la,O-CR,,, ‘0. 
k= ng I HI, 1 
Then all solutions of (1) are eventually positive. 
THEOREM 2’. Zf conditions (cd) and (cc,) hold and for every C > 0 
n-1 
lim sup 1 L kfl (6,+M la,l) + CR,,, ~0, 
n - K k=nork ,=n,, 1 
then all solutions of (1) are eventually negative. 
Remark 3. Replacing (6) and (7) by conditions 
f(b,--Mla,l)=co, &b,+Mja,l)= -00, 
respectively, yield analogous results to those mentioned in Remarks 1 and 
2, respectively. 
THEOREM 3’. Suppose that conditions (c,), (c,), and (cg) hold and for 
every C,, C,>O 
n-l 
lim inf 1 1’2’ (6,- ~1 la,l) - Cz&,.n >O. 
n+m k=,,Ork i=ng 1 
Then all bounded solutions of (1) are eventually positive. 
THEOREM 4’. Zf conditions (c,), (c8) and (I+) hold and for every C,, 
c,>o 
n-1 
limsup c Lkf’ (b,+C, Ja,l)+C,R,,, ~0, 
n - cc k=q ‘k ,=no 1 
then all bounded solutions of (1) are eventually negative. 
The remainder of the results in this paper are concerned with the Eq. (1 ), 
where a, E 1. 
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3. OSCILLATION RESULTS 
This section of the paper contains three oscillation theorems. In 
Theorem 5 below we place a restriction on the growth of functionf(n, U, u); 
no restriction on the rate of growth off(n, U, u) are needed in Theorems 6 
and 7. 
THEOREM 5. Suppose that conditions (c,), (c,J and (c,*) hold and for 
every C > 0 and all large s E Jt’(no) we have 
n-l 1 k-l 
c rk c (6,-p,) + CR,, <O 
k=s IS 1 (8) 
and 
n-l 1 k-l 
1 ; c (6,-P,)-CR,, 1 >O. (9) k=, II 
Then all solutions of (1) are oscillatory. 
Proof Let {a, > be a nonoscillatory solution of (1) say a, 2 0 for n 3 
s E M(n,). From (1) we have 
6, - p,, ,< A(r, Au,) < b, - P, for n >s. 
Summing the above inequality twice and observing that there exist C> 0 
and n, E M(s) such that an estimate of the type (3) holds for n an,, we 
have 
n-1 1 k-l 
c - c (6,-p,)- CR,,6u,< CR,,+ 
k-S rk ,=> 
Condition (8) then yields a contradiction to the assumption that {a,> is 
eventually nonnegative. A similar proof holds if U, < 0 for n > s E N(q). 
THEOREM 6. Zf conditions (c,), (cg) and (cl,,) hold and for every C> 0 
and all large s E Jf(n,) we have 
n-1 
c k ‘z’b,+ CR,, <O 
k=l I A 1 (10) 
and 
lim sup 
n-l 1 k-l 
c rk c 6, - CR,, > 0, 1 (11) “-CC k=v IJ 
then all solutions of (1) are oscillatory. 
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Proof Let {u,} be a nonoscillatory solution of (1 ), say U, s 0 for n 2 
sun. From (1) we have 
Proceeding as before we observe that there exist C > 0 and n, E .4/(s) such 
that an estimate of type (3) holds for n z n, and 
n-l 1 k-1 
u,< CR,,+ 1 - c b, for n>n,. 
k=.,rk ,=) 
Then condition (10) gives a contradiction to the assumption that u,, 2 0 for 
n >, S. The proof in case u, < 0 for n > s is similar. 
THEOREM 7. Zf conditions (c,), (c6) and (c,,) hold and for every C > 0 
and all large s E M(n,) we have 
n-l 1 k-1 
1 - 1 b, + CR,,, = --co 
k=r rk I=, 1 (12) 
and 
lim sup 
n-l 1 k--I 
C - 1 6, - CR,, = cc, 1 (13) n+m k=s ‘k ,=A 
then all bounded solutions of (1) are oscillatory. 
ProoJ Let {u, > be a nonoscillatory solution of (1 ), say u, B 0 for n > 
s E ,V(n,), and assume that {u,,> is bounded. Arguing as in the proofs of 
previous theorems we obtain the inequality 
Then (13) gives a contradiction to the boundedness of (un }. A similar 
argument treats the case of an eventually nonpositive solution. 
4. GROWTH OF SOLUTIONS 
The first result in this section concerns the growth of all solutions, 
whereas the second theorem gives a growth estimate for nonoscillatory 
solutions. 
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THEOREM 8. Suppose that conditions (c,) and (c,~) hold and 
f B,< 00, f&R no,n < co. (14) 
Then every solution {u,} of (1) satisfies 
bnl = W&J as n+co. 
ProojI Let {u,} be a solution of (1). From (l), by successive sum- 
mations, we obtain 
and so 
for some constant Cl > 0 and all n > n, E N(n,). By the first condition in 
(14), there is a constant Cz > 0 such that 
n-l 
1 L ‘2’ B, < Cz R,,, 
k=no ‘k ,=nO 
Thus for n 3 n, we obtain 
for some constant C > 0, and so 
n-1 
kll&,.n G c+ 1 P,&,.k bkl/Rno.~. 
k = no 
Now using the discrete Gronwall’s inequality [Z] one has 
n-1 
Iu~I/R,,,,,,, G C ev c PkRno.k 
and the conclusion of the theorem follows from (14). 
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THEOREM 9. If conditions (c7) and (cIO) hold, then any nonoscillatory 
solution {a,} of ( 1) satisfies 
n-1 
(u,,I = 0 R,,,+ c 1’2’ B, as n+cc, 
k=n,,‘k ,=n,, 
Proof. Let (~4~) be a nonoscillatory solution of (1), then U, Z 0 or 
U, 6 0 for all n 2 s E N(n,,). If U, > 0, then from (1) we obtain 
n-l 1 n-l 1 k-l 
OGu,Gu,+r,Au, 1 -+ c yk c, B, 
kzs ‘k k=s I , 
and, if u, Q 0, 
n-1 1 n-l 1 k-l 
02u,,bu.,+r,Au, 2 -- 1 rk ! B,. 
k=, ‘k k=s I , 
Hence in either case 
n-l * n-l 
IuA G 1% + r, IAu,l c -+ c i ‘g’ B,. 
k=., rk k=, IJ 
So the conclusion of the theorem follows immediately. 
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